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Risk Averse v. Risk Loving
> Setting

» Monetary outcomes. Denote money as a continuous random
variable x distributed according to the cumulative distribution
function F(x).

» The lottery space L is all possible c.d.f over nonnegative
amount of money

> So the continuous version of the EU theorem gives:

U(F) = [ u(x)dF(x) 1)

» The Bernoulli utility function u(x) is assumed to be increasing
and continuous.

> And also boundedness (refers to the St. Petersburg-Menger
paradox on p.185)
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Risk Attitude Definitions

> Definition 6.C.1 A risk loving person weakly prefers a lottery
F(-) over the lottery that gives a sure outcome having the
value the same as the expected value [ xdF(x).
> If the person is indifferent, he's called risk neutral
> If the person prefers the other direction, he's called risk averse
> In the expected utility context, it follows from the above that a
risk averse person satisfies the Jensen's inequality (or concavity
of u):

VF : / u(x)dF (x) < u(/xdF(x)) 2)

» See Figure 6.C.2.
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> Definition 6.C.2 (a)

» Certainty equivalent ¢(F, u) is the amount of money that
satisfies
/u(x)dF(x) = u(c(F, u)) (3)

» That is, you are indifferent to taking c or the gamble F.
> See Fig. 6.C.3 (a)
> Exercise: Prove that a person is risk averse iff

c(F,u) < [ xdF(x)
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» Definition 6.C.2 (b)

> Probability premium 7t(x, €, u) is the probability that satisfies,
for all e > 0,

u(x) = (% +7(x, e u))u(x+€) + (% —(x, e, u))u(x — )

> Given a sure outcome x, the probability premium 7t(x, €, u) is
the probability you would substract from 1/2 of probability of
getting a slightly worse off outcome (x —€) and add to a 1/2
probability of getting a slightly better off outcome (x + €) so
that you are indifferent between this and x.

> See Fig. 6.C.3 (b)

» MWG6.C.3: Prove that a person is risk averse iff
nt(x,€e,u) >0
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Make sure you go through Examples 6.C.1-3 (pp 187-9) at home.
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Measurement of Risk Aversion

» Definition 6.C.3 Absolute risk aversion coefficient

(Arrow-Pratt):
ralx u) = —u"(x)
A( ) ) u’(x) (4)

» Comments:
> It is a measure of curvature but using the conventional measure
of curvature (the change of slope), u”(x), is not enough since

> a linear transformation such as v(u(x)) = au(x) + B also
represents the same = . So we need to divide u”(x) by uv'(x)
so the curvature is invariant to linear transformation meaning
that L) — au _ w7

— T — 7

1% (x) au u
» The negative sign is added simply to say that the coefficient is
bigger when a person is more risk averse
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» Proposition 6.C.2 With ra(x, u), person 2 is more risk averse
than person 1 if person 2's

absolute risk aversion coefficient is bigger

utility function is more concave

certainty equivalent is smaller

probability premium is bigger

preferred choice is a lottery over a sure outcome implies that
person 1 would also choose the same lottery

Yy Y vV VY

» Proof

» See the proof of Proposition 6.C.2 (p.191), MWG Ex. 6.C.6
and Ex. 6.C.7, which show that these comparisons are
equivalent.

24/39



» Sometimes we want to say that a person is less risk averse
when wealth x is higher

> Definition 6.C.4 u exhibits decreasing absolute risk aversion if
ra(x, u) is a decreasing function of x.
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But sometimes we need a stronger assumption: nonincreasing
RELATIVE risk aversion rg

> ra measures the curvature when outcomes are absolute gains
or losses from the current wealth

> rrp measures the curvature when outcomes are percentage
gains or losses from the current wealth

> why?

» We change x into t.t > 0 is the proportional increment or
decrement of wealth using @(t) = u(tx).
> Now if we find the ry of &(tx):

a(x0() = )
—x2u" (x

= xu’(X() )(for t=1) (6)

—;(:1(';(;() = xra(x,u) = rr(x, u) (7)

> Exercise: Verify yourself that nonincreasing of rg is stronger
than decreasing of ry
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Measurement of Risk Aversion
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Read Propositions 6.C.3 and 6.C.4 yourself.
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How to compare distributions in terms of return and risk?
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First Order Stochastic Dominance !

» Proposition 6.D.1 These are equivalent:

> F()zH6()

» The probability of getting at least x is higher under F(-) than
under G(+)

» [u(x)dF(x) > [ u(x)dG(x) with u(-) being a

non-decreasing function

> Proof: If you are interested, see P.195 and Ex. 6.D.1
» Comments: F(-) =! G(-) implies that E(F) > E(G) but the
converse is not true (Ex. 6.D.3)
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Second Order Stochastic Dominance 2

» Proposition 6.D.2 If F(-) and G(-) have the same mean,
these are equivalent:

F() 2% 6()

G(-) is riskier than F(-)

A risk averse person prefers F(-) over G(-)

J u(x)dF(x) > [ u(x)dG(x) with u(-) being a concave

function

G(+) is a mean-preserving spread of F(+)

Yy vV VY

v

> This means that if x ~ F then x +z ~ G where E(z) =0

> Proof: Proof skipped. See Ex. 6.D.4 if you are interested.
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State Dependent Utilities
» State dependent utilities simply say that u(-) becomes us(-)
which depends on the state of the world

» Example: You might value higher a cup of water when you are
in a desert

» We will skip section 6.E for now, it is used again in Ch. 19 GE
with uncertainty
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Subjective Probabilities

» Knight (1921) proposed that risk and uncertainty differ
according to whether the probabilities are given to us
objectively or not

» Even if not, Savage (1954) proposed that we can still utilize
the expected utility framework by using the estimated
probabilities subjectively formed by individuals.

> We will skip the details of Section 6.F except the Ellsberg
Paradox.
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